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A mathematical model of isoelectric focusing at the steady state has been developed for an M-component system of 
electrachemically defined ampholytes. The model is formulated from fundamental principles describing the components’ 
chemical equilibria, mass transfer resulting from diffusion and electromigration, and electroneutrality. The model consists 
of ordinary differential equations coupled with a system of algebraic equations. The model is implemented on a digital 
computer using FORTRAN-based simulation software. Computer simulation data are presented for several two-component 
systems showing the effects of varying the isoelectric points and dissociation constants of the constituents. 

I _ Introduction 

In isoelectric focusing (IEF) a stable “natural” pH 
gradient is created by electrophoretic migration of car- 
rier ampholytes to stationary zones in the separation 
column. Ampholytic sample components introduced 
in the system distribute themselves on the pH gradient 
so that they exhibit concentration maxima at their 
respective isoelectric points. 

The initial theory of steady-state IEF is attributable 
to Svensson [I] and was developed in conjunction 
with the introduction of the technique_ Svensson ad- 
dressed the one-component system, i.e., the concen- 
tration distribution of a pure end-component, and 
also the concentration distribution of an ampholytic 
component added to a system whose pH and con- 
ductance are known as a function of the distance along 
the separation axis. Subsequent considerations of the 
theory of IEF have commonly assumed stable linear 
pH and conductivity gradients [2-6] _ Such systems 
can be experimentally approximated as a result of 

* Address correspondence and reprint requests to Dr. M. Bier. 

Vesterberg’s [7] development of a random mixture of 
carrier ampholytes, commercially introduced by LKB 
Produkter AB of Bromma, Sweden, under the trade- 
name Ampholine. The wide applicability and ready 
availability of Ampholine and other similar products 
have assured the remarkable growth of various IEF 
techniques. Unfortunately, they have also dampened 
the stimulus for further development of the theory of 
steady state IEF, as their composition and electro- 
chemical properties are unknown. 

The most advanced model hitherto available is due 
to Ahngren [8] _ Unfortunately, some of the simplify- 
ing assumptions have limited the applicability of this 
model. These assumptions were: (i) the mobilities of 
all components of the mixture, except hydrogen and 
hydroxyl ions, are identical: the ratio of hydrogen 
and hydroxyl ion mobilities to mobilities of the re- 
maining species is constant, i.e., 7 and 3 respectively; 
(ii) the current density is proportional to the conduc- 
tivity and the voltage gradient, i.e., the contribution 
of diffusional current is neglected. This latter assump- 
tion might be justitied in specific situations but is no: 
valid in many practical situations, particularly involv- 
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ing steep gradients in dilute solutions at low or high 
pH values. 

The specific goal of the present theoretical treat- 
ment is to develop a mathematical description of an 
M-component IEF system capable.of predicting the 
component concentrations, pH, conductance, and re- 
lated parameters at every point along the column axis 
as a function of the components’ mobilities and pro- 
ton dissociation constants. Graphical data from the 
computer simulations are presented for several two- 
component systems to illustrate the treatment and 
the results. 

Recently a great deal of interest has focused upon 
the modification of pH gradients established by com- 
mercially available carrier ampholytes [9,10] and the 
generation of natural pH gradients by use of well- 
defined ampholytes or buffers [ l l-IS] _ It is generally 
appreciated that the amounts of the individual am- 
pholytes and their electrochemical characteristics must 
uniquely determine the shape of the pH gradient, the 
sampIe capacity, and the resolution. It should also be 
appreciated that the empirical approaches presently 
employed suffer from the absence of a model which 
demonstrates the contribution of individual ampho- 
lytes to gradient formation. Significant progress could 
not be reasonably expected without the development 
of a theoretical treatment to accompany this empirical 
thrust. 

In fact, our accumulated library of simulations, 
comprising numerous mixtures of compounds with 
actual and arbitrarily assigned electrochemical proper- 
ties, has proved most useful in the selection of com- 
ponents utilized in experimental IEF. The experhnen- 
tal studies, which include a verification of the model, 
confirm a most surprising outcome of the simulations, 
namely, that very low voltages are sufficient for full 
deployment of pH gradients. In contrast, at the volt- 
ages no_rmally used in IEF with commercial carrier 
ampholytes, steep step-gradients are obtained, such as 
are more readily associated with isotachophoresis than 
with IEF. These detailed results will be presented in a 
separate paper [ 15]_ 

2. Basic equations of steady state isoelectric focusing 

The model describing a one-dimensional IEF sys- 
tem is based upon the following assumptions: 

(1) The system is at steady state and the net flux 
of any species is zero, i.e.. there is a balance between 
the mass transport by electromigration and diffusion. 

(2) The concentrations of component subspecies 
are related by equations of chemical equilibria, i.e., 
chemical reactions (proton associations and dissocia- 
tions) are rapid relative to the transport processes. 

(3) The system is one-dimensional and the effects 
of electro-osmosis and radial and longitudinal tempera- 
ture gradients are omitted. 

(4) The condition of electroneutrality prevails on 
the physical scale of the system under consideration. 

In the computations to date it was also assumed 
that only the two apparent dissociation constants 
(pK’s) nearest the isoelectric point @I) of an ampho- 
lyte influence its behavior in the steady state, i.e., only 
simple ampholytes are considered. This assumption is 
not essential and the model can readily be extended 
to include more complicated ampholytes or non- 
amphoteric buffers, where necessary. 

2.1. General equations 

Flux,Fi. (mole/m2s) of ith species can be expressed 
as 

dQ RT ani 
-Fi = I~~-z.R. - +e ,v. - , I I ‘& r dx 

where ~‘i is concentration (mole/m3), Zi is valence (di- 
mensionless), Q is local electric potential (V), R is uni- 
versal gas constant (8.3 14 J/K mole), e is Faraday con- 
stant (96 500 C/mole), T is temperature (K), C is 
Coulomb, and x is the distance along the column axis 
(m). The symbol ~~‘i represents a mobility coefficient 
(m2s-IV-1) related to conventional electrophoretic 
mobility (k) by /.Q = ~Vi’iZi and to the diffusion con- 
stant (Di) by Di = (RT/e)wi_ Scaling was introduced 
in the computer implemented model to reduce the 
round-off error in integration. 

Conservation of mass (conservation of ith species) 
implies that 

dFi/dX+Ri=O, (2) 

where Ri is the rate of production of ith species per 
unit volume (mole/m3s). The Poisson equation de- 
scribes the relation between the potential and the net 
charge 



N 

Ed2Q/dX2 = -e g Ziili (3) 

where E is dielectric constant ofwater (80 X 8.85 X 1 O-l2 
C/Vm), and N is number of species- 

We assume that in the system under consideration 
there is no net production of charge, i.e., conservation 
of charge is expressed by the equation 

N 

2 eZiRi=O- (4) 

From the assumption that there is no net flux of any 
ampholyte the conservation ofjth ampholyte can be 
written in the following form 
i=ntjz 

c R,=O (5) 
i=mil 

where Rntjl’ RntIlil . ..) Rntj2 denote rates of produc- 
tion of species with subscripts I?rjl, rrrjl+l: --_ r?rj2, 
which result from the dissociation of the jth ampho- 
lyte. 

2-2. Principles of model construction 

2.2. I. Tke conservation of clzarge equation 

Multiplying (2) by the charge eri, adding these equa- 
tions for all species and taking (4) into account gives 

$x $ eziFi = 0. 
I 

Eq. (6) can be integrated once, giving 

(6) 

where J is current density. 
Using (1) in the above we get 

which represents the generalized form of Ohm’s law 
for an electrolyte in steady state. 

2-2.2. Ampholyte comervatiou 

A procedure similar to the one used above can be 
applied here. The equations (2) for component sub- 
;pecies ofjth ampholyte are added. and taking into 
account (5) we obtain 

i=m;7 

d g-y). 
d-x i=tttj 1 

Eq. (9) can be integrated, which gives the flux 
i=??ljz 

c Fi=cP j= 1.3. . . ..M (10) 
i=mj 1 

of a jth ampholyte. The flux of any ampholyte is zero 
(ci = 0) since we assume steady state. Making use of 
(1) in (10) with cj = 0 results in the following ?If equa- 
tions 

e (jz2 zi,~i”r)~+RTi=~-2,,.i ‘2~0. (II) 
i=mjl i=tttjl 

j= 1,2, . . ..nz 

Eq. (8) and eqs. (11) constitute a system of M + 1 

differential equationswith~l’i 1 unknowns (rzl ,111, __., ?I:~). 
For model completeness, some other relations are 
needed since AT > iIf_ 

22_3_ 0zemical equilibria 

The concentrations of component subspecies are 
related by the dissociation constants. Consider, for 
example, a simple ampholyte Aj which dissociates 
into single valence ions AT and A,: _ In such a case 
N = 3M + 2, taking into account the 3 species of each 
ampholyte and the hydrogen and hydroxyl ions. 

We use the following notation: 

[H’] = ‘21, [OH- J = ‘z2 , 

[Ai] = rrnrjl = 123~ [-$I = “nzjl+l = 113p1 : 

[A: 1 = i~>>t .7 = ‘Z3j+2, j= I,?> . . ..11f. (12) 
I- 

The chemical reactions are characterized by the 
dissociation constants, w!tich are defined in terms of 
concentrations 

h*jl = IZl?Z3jlrI3j+l) A7j2 = n1r23j+2/?'3j T 

X,,, = n1n2 . (13) 
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For such a system of simple ampholytes the valences 

are 

z3j = 0, *3j+1 = I. z3j+2 =-I. (14) 

The total ampholyte concentration (rztj) can be ex- 

pressed in the form 

?rtj = il3j + ?rsj+.l + fZxj+z _ (15) 

2.3. Electroneunality condition 

We assume that the length of the x axis is of the 

order of centimeters and, thus, the rate of change of 

the electric field with x is small compared to &i/E, 
which is of the order of 1(?16 for a 0.1 M solution. 

Thus, we can replace the Poisson equation by an alge- 

braic one representing the electroneutrality approxi- 

mation in the form 

g zi,zi = 0 _ (16) 

Making use of (14) and (16) we obtain 

111 - J’2 +C (“3j+l - “3+2 )=O. (I 7) 
j=l 

The model of IEF consists of eq. (8) representing the 

charge conservation, M equations expressing the am- 

pholytes conservation, (I I), 2M + 1 equations describ- 

ing chemical reactions, (13) and one equation repre- 

senting the electroneutrality condition, (17). Thus we 

have 3M + 3 equations describing fuUy the system 

with M simple ampholytes which has 3M + 3 unknowns. 

3. Construction of the model for computer 

impIementation 

3.1. Mathematical model of IEF wirh simple 
amplzolytes 

We shall denote the conductivity as 

(18) 

(19) 

Eqs. (11) for simple ampholytes have the form 

e(rv3j+I?+j+I - it73j+2 tt3j+2 1 Wdx 

d”3j d”3i+l *t3j+2 
Ivsj x + Jv3j+l -c + ‘vfj+2 r =Oy 

j = I, 2, ___, M _ (20) 

In order to represent eqs. (20) in a more convenient 

matrix form we introduce the column vectors b and y, 

and the matrix A with entries defined as follows 

bj = t?(TZ3j+l lVtJj*l - "3j-t2'"3ji2) 7 (21) 

Jp = izx_ , (22) 

(23) 

j= 1,2,...,M, k=l’ ,_, . . . . N. 

The notation (20)-(23) yields the ampholyte conser- 

vation equations in the form 

b$$+RTA&=O. (24) 

Taking (14) into account and introducing the N-dien- 

sional row vector c with the entries defined by the fol- 

lowing relaticns 

0 ?i=3j,j= 1,2,.-..M 
Ck = 

(-l)k’+‘W, ’ 
(25) 

for all other k’s 

k= 1,2, ___, 3M+ 2 

and using the vectory we can write (19) in the form 

odQ+RTcdy=-J. 
dx dx 

Multiplying (24) by the scalar o and using (26) to 
eliminate o d+/dx yields 

d J 
(-bc+uA)zy=-FTb. 

(26) 

The product of column vector b and row vector c 

forms a rectangular matrix with entries defined as 

follows 

(27) 

and write the charge conservation equation in the form 
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0 
(_bC$& = 

x-=31,1=1 3 , -, ---2 M, 

(-1 )$Wk in alf other cases, 

j= 1,2,...,M, k= 1,2,...,3M+2. (28) 

The equations (27) wirh rectangular M X (3M + 2) 

matrix (--be + A) are basic differential equations with 
3M + 2 unknowns. The algebraic relations ($3) and 
(17) can be easily represented in the form 

I 
"3j+l =z ni223j, 

II 
'23j+~=KjZ?23j/l2l _ (29) 

The model of steady state IEF with simple ampholytes 
which involves 3M + 2 unknowns is thus composed 
ofM differential equations (27) and 2M + 2 algebraic 
equations (29). 

3.2. Computer impZeme?ztation 

The model has to be transformed to a form suit- 
able for computer implementation. There is readily 
available simulation software designed for models 
written in the form of a system of first order differen- 
tial equations, and so the relations (29) were used to 
generate additional 2M + 2 differential equations of 
the form 

D-&=0, (30) 

where the entries of the matrix D are functions of 
the unknowns ?Zi- The matrix D is rectangular with 
dimensions (2M + 2) X (3M + 2). 

In order to simplify the expressions for the entries 
of matrix D which appears to be sparse, we introduce 
the foilowing definitions 

(31) 

Using the function Gi defined above we can repre- 
sent the entries of matrix D in compact form. The 
first two rows of the matrix are defined by the for- 
mulas: 

( 

I k=I, 

dlX-= -Gi k=3j, 

0 all other k’s, 

I 
K,* /?I: 

(33) 
k=l, 

d?,= I 

\ 

x-=2, 

0 all other X-‘s , 

x;= 1,2,...,3Mi2_ 

The remaining entries of the matrix D are defined as 
follows for the odd rows (i=: 2j + I ; j = I, 2, ____ M) 

di, = I -"IIAc1 k=3j, 

1 k=3j+1, 

lo 211 Oikr If.5 , 

forevenrows(i=2~+22;j=1.2,...,M) 

fKj2223j/22; k = 1, 

d. = I -452 h 1 k=3j, 

Ix- 
1 k=L;j+‘, 

WW 

Wb) 

lo all other k’s _ 

The M differential equations (27) and 2M + 3 differ- 
ential equations (30) constitute the complete model 
of IEF in steady state with 311f + 2 unknowns. These 

equations can be written together in the,form 
f- 

The-tota amount of each ampholyte in the column 
is given by 
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where L is the column length and S is the cross-sectional 
area of the column. For actual simulations, initial bound- 
ary concentrations need to be assigned. In practice, 
these were usually computed by assigning the desired 
concentrations at the center of the column axis and 
then integrating backward and forward. 

4. Computer simulations 

Computer simulations have been implemented using 
DARE P simulation software [ 161 with the Runge- 
Kutta-Merson method chosen for integration_ A variety 
of systems were studied at the level of one, two and 
three ampholytes. The simulations are set up by en- 
tering specific values for the applied current, the ini- 
tial (boundary) concentrations of the ampholytes, 
and the electrochemical characteristics for each am- 
pholyte which define its electrophoretic behavior, i.e., 
its proton dissociation constants (pK) and mobility 
coefficients (IV)_ Different mobility coefficients can 
be entered for the negative, neutral and positive spe- 
cies of each ampholyte, as they may differ by as much 
as 5%. To represent a given experimental setup, the 
cross-sectional area and length of the column also have 
to be specified_ 

In some cases the above parameters have been given 
values which- reflect real compounds, while in other 
instancesvalues representing purely hypothetical com- 
pounds have been used. Simulations with hypothetical 
compounds, i.e., ampholytes with arbitrarily assigned 
parameters, have permitted us to study the effects of 
a systematic variation of one parameter at a time. Two 

Table 1 
Effect of varying Apl at constant ApR: input parameters 

such studies will be presented here, as they are of par- 
ticular interest for the experimentalist: the effects of 
varying the spread between the pl values (ApI) and 
the spread between the pK values (ApK) of constitu- 
ent ampholytes in two-component systems. 

4.1. Effects of varyitlg &I at constant &K 

The following computations illustrate the effects 
of varying the spread between the isoelectric points 
(4~1) of ampholytes in binary mixtures. Three such 
mixtures were compared, with Apl of 0.5, 1 and 2 pH 
units, symmetrically distributed around pH 6.5. Table 1 
summarizes the input parameters: As can be seen, all 
compounds were assumed to have the same mobility 
coefficient (cm’/V s) and the model was exercised 
for an assumed column length of 1 cm. 

The pH profiles for the above three systems are 
shown in fig. 1. As expected, the pH profiles span the 
range between the pI values of the constituent am- 
pholytes in each instance. 

Fig. 2 shows the profiles along the column length 
for the total ampholyte concentrations corresponding 
to the above pH profiles. As can be seen, these pro- 
tiles are nearly superimposable. To achieve this, it was 
necessary to exercise the models at varying current 
densities, as reported in table I_ WhiIe these profiles 
are superimposable, significant differences are seen 
when the concentrations of the neutral species alone 
are plotted, as shown in fig. 3. In all systems, the more 
acidic components focus at the anode as zwitterions, 
the more basic ones focusing at the cathode. The sys- 
tem with a ApI of 2 has the lowest concentration of 

System 
-L 

____-_ 

A 

B 

C 

Component 
f 

1 
2 

3 
4 

5 
6 

API 

05 

1.0 

2.0 

PKI PK2 

5.25 Y.25 
5.75 7.75 

5.0 7.0 
6.0 8.0 

4.5 65 
65 85 

Mobility 
coef. x 104 

;0 
3.0 

3.0 
3.0 

3.0 
3.0 

Current 
(mAlcm2) 

-- 

0.046 

0.0288 

0.023 
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50! 1 I I I I I 
00 0; 04 06 03 10 

COLUMN LENGTH (cm) 

Fig. 1. Computed pH profiles for IEF of three two-component 
systems with ApI of OS, 1, and 2 pH units and ApK of 2. 
For other input parameters see table 1. 

00 02 02 06 03 IO 

COLUMN LENGTH km) 

Fig. 2. Computed profiles of total ampholyte concentration 
corresponding to the three pH profiles presented in fig. 1. 
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Fig. 3. Profiles of the concentration of neutral ampholyte 
species corresponding to figs. 1 and 2. 

I I 1 I , 6 

00 02 04 03 03 10 
COLUMN LENGTH (cm) 

Fig. 4. Conductivity profiles corresponding to figs. 1-3. 

10 - 
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00 ! 8 / I a I I 1 1 I 

00 02 04 06 03 10 
COLUMN LENGTH (cm) 

Fig. 5. Potential gradient profiles corresponding to figs. 1-4. 

the neutral species. Thus, by difference, this system 
will have the highest concentration of charged species 
and, therefore, the highest conductivities (fig. 4) and 
the lowest potential gradients (fig. 5). 

4.2 Effects of na@ng Aph? at comtant ApI 

In the context of IEF, the difference between the 
pK values of the two dissociable groups of a biprotic 
ampholyte is of prime importance. A compound with 
a small ApK is considered to be a good ampholyte. 
Our simulations have compared three binary mixtures 
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Table 2 

O~.Palusirts~ietnl.jComputersimulatio~~ ofisoelectricfocusing 

Effects of varying ApR at constant Apl: input parameters 

System Component ApK PKl PKZ Mobility Current 
= ” Coef. x 104 (mAlcm2) 

A 1 1 55 65 3.0 0.0288 
2 65 7.5 3.0 

B 3 2 SD 7.0 3.0 0.0288 
4 6.0 8.0 3.0 

c 5 4 4.0 8.0 3.0 0.0288 
6 5.0 9.0 3.0 

with ApK’s of 1,2 and 4,while maintaining a Apl of 1 _ 

Table 2 summarizes the input parameters and it will 
be noticed that the system B is identical to system B 
of table 1 _ As in the foregoing set, all mobility coeffi- 
cients were assumed to be identical and the column 
was kept at 1 cm length. 

The pH profiles for the above three systems are 
shown in fig. 6. The pH gradients are nearly superim- 
posable, as all three systems had the same Apl of 1 _ 
The concentration profiles for total ampholytes are 
also nearly superimposable, as shown in fig. 7. It will 

60[ ( I I 
00 02 0.4 0.6 08 IO 

COLUMN LENGTH km) 

Fig. 6. pH profiks for IEF of three two-components systems 
with ApK of 1, 2. and 4 and ApI of 1 pH unit. For other in- 
put parameters see table 2. 

00 02 04 06 08 10 

COLUMN LENGTH (cm) 

Fig. 7- Profies of total ampholyte concentration correspond- 
ing to the three pH profties presented in fig. 6. 

00 02 04 06 OS 10 

COLUMN LENGTH (cm) 

Fig. 8. Proffias of the concentration of neutral ampholyte 
species corresponding to f%s. 6 and 7. 



be noted that with this series, the applied current den- 
sity in all three systems was identical. As before, sig- 
nificant differences are seen in the plots of the neu- 
tral species, shown in fig. 8. Highest concentration of 
the neutral species is seen for the system with the 
widest spread between the pK values of components_ 
Thus, this system has also the lowest conductivity 
(fig. 9) and the highest voltage gradient (fig_ 10). 

c 

00, I 1 ’ 1 
00 02 04 06 0’8 IO 

COLUMN LENGTH (cm) 

Fig. 9. Conductivity profiles corresponding to t&s. 6-8. 

B 

A 

00 I 1 1 8 

0’* 

I I 

00 02 04 06 10 

COLUMN LENGTH (cm) 

Fig. 10. Potential gradient profiles correspondlag to figs. 6-9. 

4.3. Effects of other van‘ables 

Other simulations, not reported in detail here, have 
clarified the effects of varying other parameters: 

a) Current density: an increase in applied current 
density will cause a sharpening of all profiles, i.e., a 
doubling of the current will result in the deployment 
of identical profiles over exactly half the column length. 

b) Column length: as a corollary of (a) if one dou- 
bles the column length one needs to reduce the cur- 
rent density by half to obtain identical profiles. The 
longer column will, however, contain twice the amount 
of ampholyte. 

c) Concentration: if the initiating concentrations 
are reduced by half, the conductivity is reduced com- 
parably_ Thus, half the current needs to be applied to 
produce comparable concentration profiles and the 
total ampholyte contents of the column will be re- 
duced proportionally_ 

d) Mobility: if the mobility coefficient is reduced 
by half, the net effect is similar to that obtained in 
reducing the concentration. The conductivity will be 
halved and the applied current needs to be reduced in 
half. Total ampholyte conten 
however, not change. 

5. Conclusions 

The aim of this paper is to 

of the column will, 

Iresent 3 theory of the 
structure of natural pH, concentration, conductivity, 
and potential gradients at the steady state of IEF using 
electrochemically well defmed ampholytes. The mathe- 
matical model developed allows, for the first time, 
simulation of the IEF process using input parameters 
characterizing real or hypothetical ampholytes. Simu- 
lations have clarified the effects of varying the column 
dimensions, applied current, and the electrochemical 
parameters of components in binary mixtures. 

In the computer implementation only the two ap- 
parent dissociation constants @K’s) nearest the iso- 
electric point of the ampholytes were considered_ For 
ampholytes with more than two pK’s the present 
model constitutes a good approximation, provided 
the neglected pK’s differ from those considered by 
more than one unit. For the same reason, the model 
can be used for the simulation of focusing of non- 
amphoteric monovalent buffers or mixtures of such 
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buffers and ampholytes. This requires that the buffers 
be assigned a second “convenience” pK, removed by 
several units from the pH range under consideration. 

Particularly useful were simulations with hypotheti- 
cal ampholytes, i.e., ampholytes with arbitrarily as- 
signed electrochemical parameters. Some of the re- 
sults can be summarized as follows: 

A fully developed pH proBe will alwaysextend be- 
tween the pf’s of constituent ampholytes. To obtain 
a smooth pH gradient, very low current density has 
to be applied: at current densities usually applied in 
conventional IEF with commercia! carrier ampholytes 
(e.g., Ampholine) steep and virtually useless step- 
gradients will be obtained, confined by “‘conductivity 
gaps” at either side of the step-gradient. This is the 
most striking and unexpected result of our simula- 
tions, which readily explains the many difficultiespre- 
viously encountered by experimentalists in trying to 
develop Amphohne-free buffer systems. 

Nearly identical pH and total concentration profiles 
can be obtained with compounds of varying ApK at 
the same current density. The larger the ApK, the 
higher the potential gradient, but lower the buffering 
capacity of the system. 

Extensive simulations have been carried out &o 
with parameters representative of actual compounds 

and these will be reported in a subsequent paper [ 1.51. 

These simulations were of great value in the design of 
experimental systems for actual IEF of proteins. The 
resulting experimental work has validated, at least 
qualitatively, the present model [IS] _ 

Simuiation studies with 3 component systems are 
currently under way, as well as simufations with non 
interactive protein samples, i-e., proteins present in 
trace quantities and not affecting the pH gradient. 
Simulations with M components are also possible, but 
wouId require further improvement in the computer 
algorithms to increase their efficiency. For this pur- 
pose, advantage may be taken of the D-matrix sparse- 
ness_ It is also possible to reduce the size of the prob- 
lem by eliminating some variables, (2M-t 2) in number, 
using algebraic equations and solving somewhat more 
complicated (dense matrices) differential equations 

for M unknowns only (basic concentrations). The con- 
centrations of 2M f 2 remaining species would be com- 
puted for output purposes using again the algebraic 
relations. 

These studies refer only to IEF at the steady state. 
Of equal importance is the ehrcidation of the transient 
states in IEF, and some progress in this direction has 
been made. 
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